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El ements of Automata- Theory, Turing-Machi nes and
Conpl exi ty- Theory

We present three basic nodels for conputation: Finite (deter-
mnistic) automata, regular expressions and regul ar granmars:

Determnistic finite automata

A determnistic finite automaton A=(Q 2,q0, p, F)

- always is in a certain state of a finite state set Q
There is an initial state g0, and sone of the states are
accepting. F denotes the set of all accepting states.

- reads letters froma tape, where the letters are taken
froma finite input al phabet % (nostly we will use
2 ={0,1} ).

- is run by a transition function (a program

p: Qx 2 ---> Q

where, depending on the current state and the current
tape letter, the program p cal cul ates the new state.

tape | __|__|__|__|__[__|__[__|I_ ...
A

----------- |
| automaton | --

The automaton works in a natural way: A string x € 2* is put
to the tape, the head of the autonmaton goes to the first
letter and the initial state is qO .

Then, the head reads the current letter, the automaton enters
a new state according to the program p and the head nobves one
position to the right.

When the head reads the first blanc synbol, the autonaton
stops. The string is accepted, if the automaton is in an
accepting state, when it stops.

The set L(A) of all accepted strings is the | anguage accepted
(or recogni zed) by the automaton.

Exanpl e

Let L be the set of binary strings, that have at |east 2
zeros on their right end (L corresponds to the natural
nunbers that can be divided by 4).

The foll ow ng automaton recognizes L (single accepting state
is q2):
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\ 0 1
---------- current string has
-> q0 | q1 go - no zero at the end
|
gl | 92 go - exactly 1 zero at the end
|
g2 | g2 go - at least 2 zeros at the end

Regul ar Expressi ons

(1) The expression (0) produces the string O.
The expression (1) produces the string 1.

(2) G ven expressions (a) and (b), then (at+b) is the expres-
sion producing all strings belonging to (a) or to (b)
(that is, which are produced by (a) or by (b) ).

(3) G ven expressions (a) und (b), then (ab) is an expression
producing all strings uv, where u belongs to (a) and v
bel ongs to (b)

(4) Gven an expression (a), then (a)* is an expression
producing all finite sequences (including the enpty
sequence) of strings belonging to (a).

The | anguage produced by an expression is the set of all
strings we get by applying (1) to (4) recursively to the
gi ven expressi on.

Exanple A regular expression for the above L is (0+1)*00

Regul ar Granmars

A regul ar grammar consists of

- termnal synmbols (we will use O und 1 nostly)

- nonterm nal synbols (we will use capital letters S T,...)
- an initial synbol S (one of the nonterm nal synbols)

- productions of the form

T-->str U, T-->¢(e: the enpty string)

where T and U are nontermnals and str ist a term na
string

Producti ons can be used for generating strings: Every T found
in the current string, nay be substituted by str U

The set of all strings we get by these rules and contai ni ng

only term nal synbols is called the | anguage generated by the
granmar .
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Exanple A possible regular granmar for the above L is

S-->0S| 1S | OT
T-->0

A basic theoremin automata theory tells that all of the
above nodel s of conputation are equival ent:

Theorem G ven a formal |anguage L, then it is equivalent to
say:

- L is accepted by a finite automaton or

- L is produced by a regul ar expression or

- L is generated by a regular gramar.

For scanning purposes (within a conpiler program for exanple)
nondeterm ni stic automata are conmonly used. In a nondeterm -
nistic automaton the transition function

p: Qx 2 ---> P(Q , P(Q powerset of Q

Is a set-valued function nmeaning that the next state is not
uni quely determ ned by p but is chosen at random anong a set
of possible states.

This inplies that for a given input-string the sequence of
conmput ati ons is not unique but depends on the randomy chosen
state-transitions. W say that a string is accepted, if the
automaton may end up in an accepting state (by appropriatly
selecting the foll owup states).

For parsing purposes it is cormmon to add a stack-container to
the automaton, but this line of analysis will not be foll owed
in this part. Instead we focus on conpl exity-theory.

In conplexity-theory attention is put on the (worst case)
execution tinme of algorithnms. Al conputer nodels nentioned
above turn out not to have enough potential for describing
al gorit hms.

A nore powerful conputer nodel (that at the sanme tine is
sinpl e and el egant) was proposed by Alan Turing nany years
ago:
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Determ ni stic Turingmachine (Al an Turing, 1936)

A determnistic turingmachine M=(Q >, I,b,q0,p,F) works I|ike

a finite automaton except that

- the tape is unbounded in both directions

- all tape space not occupied by the inputstring is filled
by a special blanc synbol b, berl-% .
I'is called the tape al phabet. In nany cases we have 3 =
{0,1} and TI={0,1,b}

The turingmachine is run by a transition function (a program

p: Qx I ---> Qx I x {RL,N

whi ch, depending on the current state and the current tape

letter

- calculates the new state

- puts sone letter on the tape (that is: replaces the cur-
rent tape letter by a possibly different one) and

- noves the read&wite head of the machine one position to
the left or to the right or doesn't nove the head at all

A blanc synbol on the tape doesn't stop a turingmachine from
wor ki ng, so a turingnmachi ne never seens to “stop“. But in a
weaker sense we can define a stop situation, when there is
"no change" any nore:

A state is a final state, if (no matter what the current tape
letter is)

- the current state remmins he sane

- the current tape letter doesn't change

- the head doesn't nove.

Again we say:. An input-string wis accepted, if processing w
t he machi ne stops (in the above sense) in an accepting state.

For a turingmachine it is possible, that (even in the weaker
sense di scussed above) she never stops (for exanple she nm ght
alternate between two nonfinal states). So we have two possi -
bl e understandi ngs of the "accepted | anguage":
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Deci dabl e Languages

A | anguage L is decidable (in the strong sense), if there is
a turingmachi ne, that always stops and that accepts exactly

t hose strings belonging to L.

A | anguage L is decidable (in the weak sense), if there is a
turingmachi ne, that accepts exactly all the strings of L (but
m ght never stop on other strings).

Exanple: Hilbert's 10-th problemis not decidable in the
strong sense.

At present it is conmonly believed, that every conputer
program (what ever conplicated) can be sinulated by an appro-
priately designed turing program As a consequense, in com
plexity-theory an algorithmis viewed as a program for sone
turing-machi ne that decides a formal | anguage (accepts/
rejects input-strings).

G ven a turing-programand an input-string for that program
the execution-tine of the turing-programis neasured by coun-
ting the nunber of steps until the program stops. Here one
step of the programis understood as one eval uation of the
transition-function p.

Now, given a turing-programand feeding to it a series of
I nput-strings of increasing length, it is obvious that the

execution-tinme of the programalso will tend to get |arger.
Informaly speaki ng, we understand a turing-program as “wel
behaved’, if the execution-time of the programonly increases

noderately as the input-strings get |arger.

What we accept for the gromh-rate to be “noderate” is a
matter of taste or experience or conputing power of avail able
har dware. I n general opinion polynomal growth-rate is viewed
as noderate growth-rate:

Conmplexity Cass /P
The complexity class /P contains all decision problens

(formal |anguages) that can be sol ved (decided) by sone
determ nistic turing-machine in polynomal tine.

To be nore specific: A problem P belongs to /P, if there is a
determ nistic turing-machine and a polynom al p(*) such that

- the turing-mchine decides P (gives the correct answer for
all instances of P)

- for all instances of P with input |enght n the execution-
time i s bounded be p(n).

Exanpl e
In the above exanple (natural nunbers dividible by 4) a
turing programm (in conparision to an automaton) is
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conceptually sinple to design. W just go to the right end of
the input-string and check the last two bits:

0 1 b
--> qo g0,0,R | 90,1,R| q9i,b,L step to the right
gl g2,0,L | gN,1,N | gN, b, check last bit

I
I
|
g2 | qY,0,N| gN,1,N | gN, b,
I
| gY accepting state
I
I

I
I
I
I
| check second last bit
I
I
I
I

error state

Execution-tinme of this turing programm obviously is n+2, and
this is polynomal (even linear) in tine.

Exanpl es of problens belonging to Conplexity Class /P

In Graph Theory: SHORTEST_PATH, M NI MUM TREE, MATCHI NG,
MAXI MUM_FLOW

In Operations Research: LINEAR _EQUATI ONS, LI NEAR PROGRAMM NG,
QUADRATI C_PROGRAMM NG

In Logic: 2_SAT (see below for 3_SAT)

I n Computer Science: SCANNI NG SEARCHI NG, PATTERN_MATCHI NG

For all these (and many nore) problens polynom al algorithns
have been desi gned.

For other seemngly sinple problens |ike KNAPSACK, TRAVEL-
LI NG_SALESMAN ... no polynom al algorithns are known in

literatur. This inplies that the above conplexity class /P
may not be | arge enough to describe inportant problens.

We need a larger problemclass than /P and to this end we
need a nore powerful conputer-nodel than determnistic

turi ng- machi nes.

Many inportant problens in Operations Research, Conputer
Science ... can be described/sol ved using sone kind of
branch& bound procedure. The idea is to add branching
capability to our turing-machine.

Branchi ng neans subdi viding the given probleminstance into
mut ual Iy di sjoint subinstances and at each step in the
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execution chose one sub-instance at random (or using sone
strategy).

The latter is what can be caught by nondeterminism and this
is what we do (as was proposed by Cook, 1971): W add nonde-
termnismto our turing-nmachine:

Non- determ ni sti c Turingmachi ne
In a nondetermnistic turing-machine the transition function

p: Qx I ---> P(Qx I' x {RL,N) , P(*) powerset

Is a set-valued function neaning that action is not uniquely
determ ned by p but is chosen at random anbng a set of possi-
bl e acti ons.

We again say that a string is accepted, if the turing-nmachine
may end up in an accepting state.

For accepted strings the execution tinme is neasured by coun-
ting the m ni mum nunber of steps that |ead to an accepting
state.

Conpl exity C ass NP

The conplexity class NP contains all decision problens that

can be solved by some non-determnistic turing-nmachine in

pol ynom al ti ne.

To be nore specific: A problem P belongs to NP, if there is a

non-determ ni stic turing-machine and a polynom al p(*) such

t hat

- exactly the instances of L are accepted by the turing-
machi ne

- for all accepted instances of P with input |enght n the
execution tinme is bounded be p(n).

Remark: I n connection with non-determ nistic turing-nmachines
one shouldn't be mslead by the term “pol ynom al execution-
time“. Areal inplenentation of a polynom al-tine nondeterm -
nistic algorithmgenerally |eads to exponential running tinme
of the conmputer program

What needs to be polynomial in a polynomal-time nondeterm -
nistic algorithmis only one single accepting branch of the
entire branching-tree. - Cbviously we have:

Theor em [P O NP

In a subsequent part we need the capability of turing-nmachi-
nes to evaluate functions:
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Turi ng- machi nes eval uating functions

Assune we are given an input-string for sonme turing-program
The return-value of that string is understood to be the con-
tent of the tape at stop-tinme between head position (inclu-

ding) and the first blanc synbol (excluding).

Not e: For eval uating functions accepting states are not nee-
ded.

Exanpl e

This follow ng turing-programadds 1 to a nunber (that is to
the binary representation of that nunber).

The general idea of the programis: First go to the far end
of the string, then (while going back) change any 1 to 0. But
on finding the first 0 change it to 1 and go back to the
string begi nni ng.

g0 | q0,0,R | qO0,1,R | qgl,b,L |
gl | 92,1,L | q1,0,L | s,1,N |
g2 | 92,0,L | g2,1,L | s,b,R

s | - - -

The class NP isn't just an unstructered set of problens. Sone
problenms within NP seemto be sinpler/harder than others.

Exanpl e The probl em di cussed above of dividing a nunber by 4
is sinpler than the satisfiability-problem (SAT for short):

| DIVISIBILITY_BY_4 o SATISFIABILITY

Here SATISFIABILITY is the |logical problemof deciding if
some given bool ean expression can be evaluated to TRUE by
setting the bool ean variables to appropriate val ues.

To justify our opinion that the DIVISIBILITY-problemis sinp-
| er conpared to the SATI SFI ABI LI TY-problemwe will design a
function f that transfornms any DI VISIBILITY-instance (a bina-
ry string) winto a closely related SATI SFI ABI LI TY-i nstance
(a bool ean expression) A=f(w).
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Havi ng done this we can view the DI VISIBILITY_BY_4-problem as

a special (=sinpler) case of the SATI SFI ABI LI TY- probl em
The transformation is as follows. Any binary string (having
at least 2 bits) can be sudivided to w=v,b,c , where v
denotes the initial part of wand b and c¢ pinpoint the |ast
two bits. The function f is:

v,b,c |---> Uup A U1 A Vc A V1
or, stating all 4 cases explicitely:

Uo A U1 A Vo A vy if (b, c)=(0,0)
Uo A U1 A Vi A =va if (b,c)=(0,1)

Ur A Ui A Vo A vy if  (b,c)=(1,0)
Ur A U1 A Vi A vy if (b,c)=(1,1)

Qobviously only the first bool ean expression (corresponding to
v,0,0 ) can possibly be evaluated to TRUE

As a consequence, checking if the two trailing bits both are
0 can be done by checking if the correspondi ng bool ean
expression can be evaluated to TRUE.

O using other words (and giving nore insight to our notion
of problens being “sinpler” than others): Any algorithmthat
m ght exist for SATISFIABILITY can also (by making use of the
above transformation) be used for solving DI VISIBILITY.

O, putting it into still other words: W have “reduced® the
DI VI SIBILITY-problemto the SATI SFI ABI LI TY- probl em

Not e: Although we will not try to describe the details there
I's no doubt that we could (if requested) design a turing-
machi ne for evaluating the above transformation f.

Pol ynom al Transformati on
A polynom al transformation LI o L2 of one problem (fornal
| anguage) L1(O X*) to another problem L2(0O 2X*) is a function
for 2% ----> 2F
wo[->f(w
havi ng the properties that
- f can be evaluated by a determ nistic turingmaschine in
pol ynom al tine
- for all strings weX* we have: welLl if and only if f(w)elL2

In our exanple: The given binary string has 2 (or nore) trai-

ling zeros if and only if the correspondi ng bool ean
expression can be evaluated to TRUE

For LI o L2 we say that L1 has been reduced to L2
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In case we can reduce in both directions LI o L2 and L2 « L1
we wite L1 « L2 and say that L1 and L2 are pol ynom al equi -
val ent.

The SATI SFI ABI LI TY-Problemis particularly fruitful for poly-
nom al reductions. W will describe one nore reduction taking
an exanple from G aph- Theory.

CHROVATI C_NUMBER
G ven an undirected graph G and a paraneter kel N

We ask: Is the chromatic nunber X(G equal or less k ?
(Can the vertices of G be coloured in such a way, that
nei ghboring vertices are coloured differently?)

Exanpl e

 — %
/ \ .
* *
* \*/
can G be col oured
yes usi ng k col ours? no

W will show

We will reduce the col ouring-problemto SAT by using a speci-

fic bool ean variable for any possible colouring of any possi-
ble vertex. That is we use variables

cij ; vertex i , colour j

and we think ci; to be TRUE if vertex i has colour j (other-
W se cij is FALSE).

Now we describe how a coloring-instance (G k) can be trans-
formed to a related | ogical expression A=f(G k):
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expressed using bool ean vari abl es
-Cix V —cjx for neighboring verti-
ces i and j and all colours k

ii) every vertex i needs Ci1 V Ci2 V...V cik for every vertex
at least 1 colour:
1i1i) no vertex has two -Cix V —ci for every vertex i and
col ours: all colours k,I , k/=l
Exanpl e
(1)

Graph G / \

(2) (3)
Usi ng k=2, the colouring-instance (G k) is transfornmed to the

fol | ow ng bool ean expression:

A=f(Gk) =

(=C11 V 2C21) A (7C12 V C22) A (7C11 V —C3z:) A (7Ciz V —Cz2) (i)
(ii)
(iii)

A (Ci1 V C12) A (C21 V C22) A (Ca1 V Caz2)

A (—Ci1 V =C12) A (7C22 V —C22) A (—Cs1 V —Caz2)

The rel ati on between col ouri ng-instance and bool ean expres-
sion is straightforward: The given graph G can legitinmy be
col oured using at nost k colours if and only if the conjunc-
tion A=f(G k) of all the bool ean expressions of types
(i),(iit),(iii) can be evaluated to TRUE

We still need check that the set of al
sions (i), (ii) and (iii)

t hose | ogi cal expres-
really can be evaluated in pol yno-

mal time. To this end we check how many | ogi cal expressions
we get.

Assunme our graph has n vertices. Then we may assunme our para-
neter k also to be n or smaller (otherw se the col ouring- pro-

blem woul d be trivial). - W check:

Expressi ons of type (i) we have no nore than n”3
Expressions of type (ii) we have no nore than n
Expressions of type (iii) we have no nore than n”3
And we have what we wanted: Transformi ng a graph using the
above procedure leeds to a |ogical expression whose size is
pol ynoni ally bounded by the size of the graph. /1

We presented all the details of the above reduction to give
evi dence that the technique used in that proof seens to be
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quite general and that many problens in NP can be reduced to

SATI SFI ABI LI TY. Indeed all problenms in NP can be reduced to
SAT as was shown by Cook in his fundanmental paper

NP- Conpl et eness (Cook 1971)
The SATI SFI ABI LI TY-Problemis NP-Conplete, that is: SAT

bel ongs to the class NP and any other problemin NP can be
reduced to SAT

As a consequense, our view of the “world of NP by now is the
fol | owi ng:

| | * <o SAT

~~
jv)
e
jv)

Note: It seens obvious that the conplexity-class /P is a

proper subclass of NP, but until now this never has been
formal |y proved!

Usi ng our above interpretation of difficult and sinple
probl ens we m ght cone to the conclusion, that the SATI SFI A-

BILITY-Problemis the nost difficult problemin NP

But this view is short sighted, because other problenms in NP
still mght be polynonial equivalent to SAT. - For this
possibility we will give an exanple. First we have to explain
t he CLI QUE- problem from G aph- Theory:

CLI QUE
Gven : A graph G and a positive nunber k
We ask: Has G a conpl ete subgraph having at |east k vertices?

Not e: The CLI QUE- problem belongs to the conpl exity-class NP,
because obviously it can be solved by a branching-procedure.

*

does G have a 3-clique?
yes yes

* *

does G have a 4-clique?
yes no

*

/

We m ght see the vertex set of the graph as representing a
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group of persons. An edge indicates that two persons have a
“relation“, and we are asking for a subgroup of k persons
where any two in the subgroup have a rel ation.

Now t he follow ng pol ynom al equival ence is true:

To give an explanation of the proof, we first note that
Cook's original proof only needs a special case of the

SATI SFI ABI - LI TY- probl em nanely 3_SAT, where bool ean
expressions in conjunctive normal form are considered and
where only 3 lite-rals per clause are allowed, for exanple:
A=(aVv-abvVva-ax) A(raVvbvec A(aVvbyvece
Hence 3_SAT is NP-conplete and what remains to be shown is:

3 SAT « CLIQUE

We proceed by | ooking at our exanpl e:

A =(avVv-bvVva-ac) A(-aVvbvecec) A(aVvbyvVvec
Cc1 c2 c3

G ven A we construct a clique-instance as foll ows.
The nunmber k is set to be the nunmber of clauses, k=3 in the
exanple. - The graph is this:

We give hints how this graph was constructed:
- the vertices are obvious.

- the edges only connect vertices in different colums.
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- no two vertices |like (x),(-x) are connected.
- all other vertices are connected.

Now one has to convince oneself that the bool een expression A
can be evaluated to TRUE if and only if the correspondi ng
graph G has a k-clique. /1

By now we identified three different NP-conpl ete problens,
SATI SFI ABI LI TY, 3_SAT and CLI QUE. W reproduce a figure taken
from Garey/ Johnson's fundanental book on conpl exity-theory
showi ng sone nore NP-conpl ete probl ens:

SATI SFI ABI LI TY
I

3SAT
/\
PARTI TI ON VERTEX COVER
KNAPSACK HAM LTON_ClI RCUI T CLI QUE

The arcs (fromtop to down) in this figure indicate the
direction in the original proof.

In current days a huge universe of NP-conplete problens is
known and our world of NP currently looks like this:

o
=z
gv)
@)

The class /P contains the “sinple* problenms, SHORTEST_ PATH for

exanpl e. NPC contains the NP-conpl ete problens, SAT for
exanpl e and nmany, nany nore.

Note: Discovering NP-conpleteness for a specific problem

I ndi cates, that this problemalgorithmcly is one of the nost
difficult to solve. This is basicly a negative answer. - Wat
shoul d we do about that?

May be we would like to forget about the problem but sone-
times we can't. There are several answers on what we should do
and what we should NOT do.

We shoul d NOT waste our tinme trying to design an efficient
(polynom al) algorithmfor the general case of the problem
because such an algorithmis unlikely to exist.
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Instead we nay try to concentrate on special cases of the
problemthat still mght be solvable efficiently. O we m ght
| ook for an approximation algorithmthat gives us (while not
the optiml, but) reasonabl e good sol utions.

In their book, Garey and Johnson put it this way:

Di cscovering that a problemis NP-conplete is usually just

t he begi nning of work on that problem..

[ Cook: The Conmplexity of Theorem Proving Procedures, Proc. 3rd
ACM Synp. on the Theory of Conputing, ACM 1971), 151-58]

[ Garey/ Johnson: Conputers and Intractability, A Guide to
the Theory of NP-Conpl eteness, Freeman, 1979]
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